
3/8/2017 Spring 2017, Applied Calculus Test II Sitaraman

1. (15 points) Find the derivative of f(x) =
√
x2 − 2x using chain rule.

Solution:

Let u = x2 − 2x, g(u) =
√
u. Then f(x) = g(u(x)).

You can think of u(x) as the “inside” function and g(u) =
√
u as the “outside” function.

Using chain rule, f ′(x) = g′(u)u′(x). (derivative of inside function times derivative of outside
function).

Now, g′(u) = (
√
u)′ = (u1/2)′ = 1

2
u−1/2.

Also, u′(x) = (x2 − 2x)′ = 2x− 2.

So f ′(x) = g′(u)u′(x) =
1

2
u−1/2(2x− 2) =

1

2
√
x2 − 2x

(2x− 2) =
x− 1√
x2 − 2x

.

In the previous line we plugged in u = x2−2x in g′(u) = 1
2
u−1/2

1

2
(x2−2x)−1/2 =

1

2
√
x2 − 2x

.

2. (15 points) The volume of blood flowing through an artery is estimated by V = kr4 where r
is the radius of the artery and k is a fixed number. Estimate the percentage change in volume
when radius is increased by 5 percent, using differentials. Your answer will be a percentage.
You don’t need to know the value of r or k.

Solution:

V ′(r) = k(r4)′ = 4kr3.

The estimate for percentage change in surface area is given by

100× dV

V
= 100× V ′(r)dr

V

where dr is a small change in the radius r. Here dr = 0.05r because r is increased by 5 percent.

Plugging in V ′ and V in this formula we get

100× dV

V
= 100× V ′(r)dr

V
= 100× 4kr3(0.05)r

kr4
= 100(4)(0.05) = 20.

So the answer is 20 percent.

3. (15 points) Find the derivative y′ using implicit differentiation given that:

y2 + 2xy2 − 3x + 1 = 0.

Solution:

First differentiate all with respect to x. Remember to use product rule on xy2.

We get

(y2)′ + (2xy2)′ − (3x)′ + (1)′ = (0)′ =⇒ 2yy′ + [2x(2yy′) + 2(x)′y2]− 3 = 0.



Collecting the terms with y′ and then solving for y′, we get:

[2y + 4xy](y′) = 3− 2y2 =⇒ y′ =
3− 2y2

2y(1 + 2x)
.

4. (15 points) An average worker at a factory is producing f(t) = −t3 + 6t2 + 20t units after
t hours. Find the time at which efficiency R(t)(= f ′(t)) is at its peak (point of diminishing
returns). Note that we are maximizing R(t), NOT f(t).

Solution:

Efficiency is given by R(t) = f ′(t) = −3t2 + 12t + 20.

R′(t) = f ′′(t) = −6t + 12.

R′(t) = 0 when t = 12/6 = 2. So 2 is a relative extremum (max or min) and the only one.

R′′(t) = −6 which is negative at all points (so at 2 as well). So graph will be always concave
down.

In fact the graph of R(t) is a parabola so its critical point happens at the vertex and it is the
absolute maximum as well.

So after 2 hours we reach the maximum for R(t), the efficiency because it is a relative maximum
and it is the only critical point.

5. (20 points) Find the points where f(x) = 4x2 − 4x4 is increasing, decreasing, concave up,
concave down, the relative maxima and minima, and the inflexion points. You should use the
first or second derivative for all of your answers.

Solution:

f ′(x) = 8x − 16x3 is positive means function is increasing and if it is negative then function
is decreasing.

First find points where it is zero (critical points).

f ′(x) = 0 =⇒ 8x− 16x3 = 0 =⇒ 8x(1− 2x2) = 0 =⇒ x = 0 or x = ±
√

1/2.

These three are all the critical points. There is no point where derivative is undefined.

This divides the real number line into 4 intervals. Check value of derivative at one point from
each interval to figure out how the function is increasing or decreasing there.

In (−∞,−
√

1/2) we have f ′(−1) = 8(−1)− 16(−1)3 = 8 > 0. It is increasing here.

In (−
√

1/2, 0) we have f ′(−1/2) = 8(−1/2)− 16(−1/2)3 = −4 + 2 = −2 < 0. It is decreasing
here.

In (0,
√

1/2) we have f ′(1/2) = 8(1/2)− 16(1/2)3 = 4− 2 = 2 > 0. It is increasing here.

In (
√

1/2,∞) we have f ′(1) = 8(1)− 16(1)3 = −8 < 0. It is decreasing here.

The second derivative is f ′′(x) = (f ′(x))′ = (8x− 16x3)′ = 8− 48x2.

When f ′′(x) = 0 we have 8 − 48x2 = 0 =⇒ 8(1 − 6x2) = 0 =⇒ x = ±
√

1/6. So we have

two points of inflexion and they divide the line into three intervals.
√

1/6 is approximately
0.41.



We test value of second derivative at one point from each interval to see whether graph is
concave up or down there.

In (−∞,−
√

1/6) we have f ′′(−1) = 8− 48(−1)2 = −40 < 0 and so graph is concave down in
that interval.

In (−
√

1/6,
√

1/6) we have f ′′(0) = 8 − 48(0)2 = 8 > 0 and so graph is concave up in that
interval.

In (
√

1/6,∞) we have f ′′(1) = 8− 48(1)2 = −40 < 0. Here it is concave down.

To find the relative maxima / minima we look at the critical points and use the second
derivative test.

The value−
√

1/2 is in the interval (−∞,−
√

1/6). Here we already know the second derivative
is negative and the graph is concave down. (If second derivative is negative at one point in the
interval between inflexion points then it is negative at all points in that interval). So −

√
1/2

(approximately -0.707) is a relative maximum.

The value
√

1/2 is in the interval (
√

1/6,∞). Here also we already know the second derivative

is negative and the graph is concave down. So
√

1/2 (approximately 0.707) is a relative
maximum also.

The value 0 is in the interval (−
√

1/6,
√

1/6). Here we already know the second derivative is
positive and the graph is concave up. So 0 is a relative minimum.

Just for your information, the graph of this function is given here.
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6. (20 points) The manager of a large apartment complex knows from experience that 100 units



will be occupied if the rent is 474 dollars per month. A market survey suggests that, on the
average, one additional unit will be occupied for each 1 dollar decrease in rent.

a) Write down the revenue function R(x). (What is x ?)

b) Use derivatives to find the critical point and second derivative test to check if it is local
maximum or minimum.

c) In the interval (0,574) find the absolute maximum.

d) What is the maximum possible revenue?

Solution:

Let R(x) denote revenue and x denote rent.

Revenue is given by rent times number of apartments occupied.

We need to write down number of units occupied as a function of x.

Just to give you an idea, if rent is 473 then 101 units are occupied and so on. So number of
units occupied is 100 plus decrease from 474 and that is 100 + (474− x) = 574− x.

You can also get this by using the two points (474,100) and (473,101) to get the equation of
the line as y = 574−x because it is clear from the question that we have a linear relationship
between rent and number of units occupied.

So we get R(x) = x(574− x) = 574x− x2

To find critical points we calculate the derivative.

R′(x) = 574− 2x =⇒ R′(x) = 0 for x = 287.

The second derivative is R′′(x) = −2 so the graph is always concave down and the critical
point is a relative maximum.

In fact the graph of this is a parabola facing down with vertex at −b/(2a) = −574/(−2) = 287.

So x = 287 is actually the absolute maximum.

The maximum revenue is R(287) = 82, 369 dollars.

7. (Extra credit, challenge, 20 points)

a) For the absolute value function |x| show that f ′(x) is undefined at x = 0 but 0 is a relative
minimum.[Hint: |x| = x when x > 0 and |x| = −x when x < 0].

b) Give example for a function f and a point c for which f ′′(c) = 0 but c is not an inflexion
point.

Solution:

2a) Any point where the graph has a sharp edge (cusp) and a relative minimum is an example
of a point at which derivative is undefined but function has a relative minimum.

The absolute value function has no derivative at 0: If you approach from the positive side the
rate of change (slope of secants) is same as that of y = x which is y′ = 1 but if you approach
from the negative side the rate of change (slope of secants) is given by that of y = −x and
that is y′ = (−x)′ = −1. So the slope of the secants is 1 on the right side of 0 but -1 from the



left side of 0. So the slope of the tangent at 0 cannot be found because there is no limit – the
slope of the secants does not approach any one particular number.

On the other hand it is clear from the V-shaped graph that 0 is a minimum.

2b) (Discussed in class) f(x) = x4 has x = 0 as an inflexion point : f ′′(x) = 12x2 = 0 when
x = 0 but the graph is always concave up. You can see this by looking at the second derivative
at other points: It is always positive because it is a square of x. So concavity does not change
at 0 and so there is no inflexion happening there.


