
2/10/2017 Spring 2017, Applied Calculus Test I Sitaraman
Howard University Math Department

1. A rental car company charges $100 for the day and 30 cents for each mile in excess of 180. [The first
180 miles are free. For example, if you drive 180 miles, total cost is 100. If you drive 200 miles, total
cost is 100+0.3(20) = 106].

a) (6 points) Write an equation representing the cost of renting for a day as a function of the number
of miles driven. Call it C(x) where x is number of miles driven.

b)(6 points) What kind of function is C(x)? Draw its graph. You must label the intercepts.

c) (8 points) If number of miles driven is given as x(t) = 50t− 20, a function of t, the number of hours
driven, write cost as a function of t, namely find C(t) by finding C ◦ x(t) = C(x(t)).

Solution:

(a) The cost is given by 100 + 0.3(x− 180) = 100 + 0.3x− 54 when x > 180. So we have

C(x) =

{
100 x ≤ 180

46 + 0.3x x > 180
.

Note: In the test, there was a typo. It should be 100+(0.3)20 not 180+(0.3)20. I will not deduct points
if you wrote 180 instead of 100 and will be generally more lenient in grading this problem.

(b) This is a piecewise linear function - a combination of two linear functions. Its graph will not
intercept the x axis because it will start at 100, go along the line y = 100 and then bend upwards and
go along the line y = 46 + 0.3x. The y−intercept will be 100 (put x = 0).

(c) This is a composition of C(x) and x(t), namely C(x(t)) = 46+0.3(50t−20) = 46+15t−6 = 40+15t
for x > 180. When x ≤ 180 it is just 100 because there is no x in it to plug in x(t).

2. The production level in a factory is given by M(t) = 120t+25
t+10 units after t weeks.

a)(4 points) What is the initial level of production?

b) (10 points) What will happen to the production level in the long run? In other words, find lim
t→∞

M(t).

c) (6 points) Write the equation for the horizontal asymptote for the graph of M(t).

Solution:

a) Put t = 0 to get initial value as (120(0) + 25)/(0 + 10) = 25/10 = 2.5.

b) Divide above and below by t to help find the limit.

As t→∞ we have

(120t + 25)/t

(t + 10)/t
=

120 + (25/t)

1 + (10/t)
→ (120 + 0)/(1 + 0) =⇒ lim

t→∞

(120t + 25)/t

(t + 10)/t
= 120.

c) The equation for the horizontal asymptote is just y = 120. You can see this if you graph it, but
basically the function starts at 2.5 (see (a)) and increases slowly, flattening out before reaching 120.

3. (a) (8 points) Find lim
x→2

x− 2

x2 − 4
and lim

x→−2

x− 2

x2 − 4
.

(b) (6 points) Explain why the function f(x) = x−2
x2−4 is continuous at all points except at x = 2 and

x = −2.
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(c) (6 points) Using (a) show that the function f becomes continuous at 2 by defining f(2) = 1/4.
Also show that there is no number a such that f(−2) = a will make the function continuous at
x = −2.

Solution:

a) We have
x− 2

x2 − 4
=

x− 2

(x− 2)(x + 2)
=

1

x + 2
.

Using this we get lim
x→2

x− 2

x2 − 4
= lim

x→2

1

x + 2
= 1/4.

As x→ −2, x + 2 gets smaller and smaller. But it approaches a small negative value as you approach
-2 from left and a small positive value as you approach from right. So 1/(x + 2) will go to −∞ as you
approach -2 from left and ∞ as you approach from right. Thus the one sided limits are not equal and
the graph is going in different directions as you approach -2 from either side. Therefore the limit at -2
does not exist.

b) The key here is to note that for a function to be continuous at a given value x = a it should approach
the same value (given by the limit from either side) as the value that is defined as its value at that point,
namely f(a). In other words, lim

x→a
f(x) = f(a). It is also enough to say that the function is continuous

at all points other than 2 and -2 because you have polynomials in the numerator and denominator and
they don’t become zero at those points. You can also say that when x 6= 2 you can cancel x− 2 in the
factorization above, because x − 2 6= 0, and get 1/(x + 2) which is continuous because it is just the
reciprocal of a polynomial that is not zero when x 6= −2. So at these points the graph will be smooth
without breaks and the limit value from either side will approach the value at the function at those
points.

c) If we define f(2) = 1/4 then we have lim
x→2

f(x) = f(2) and hence by definition of a continuous

function, it becomes continuous at 2. Note that you cannot find f(2) by plugging in 2 into x−2
x2−4

because it beomes 0/0.

On the other hand, since f(x) = 1/(x+ 2) near x = −2, there is no limit, as shown in (a). For f to be
continuous at a point it first needs to have a limit there.

4. Given that x items are sold when the price p = −0.27x + 51, and that the total cost of producing x
units is C(x) = 2.23x2 + 3.5x + 85,

(a) (6 points) Find the revenue and profit functions in terms of x.

(b) (8 points) At what rate is the profit function changing when 10 units are sold ? (You don’t need
to use limit formula).

(c) (6 points) Is the profit increasing or decreasing at that point?

Solution:

(a) The revenue R(x) is price times number of units sold (sales) and so we have R(x) = x(−0.27x+51) =
−0.27x2 + 51x.

The profict function P (x) = R(x)−C(x) = −0.27x2+51x−(2.23x2+3.5x+85) = −2.5x2+47.5x−85.
(Remember to subtract each term that is within brackets! ).

(b) The instantaneous rate of change of the profit at x = 10 is simply P ′(10). You need to find the
derivative and plug in 10.

We get P ′(x) = −2.5(x2)′+47.5(x)′+0 = −5x+47.5. So P ′(10) = −5(10)+47.5 = −50+47.5 = −2.5.

(c) Since the rate of change of profit is negative at x = 10, profit is decreasing at this point.

5. An object is thrown down from 100 feet and its height (or position) after t seconds is given by H(t) =
50− 4.9t2.

(a) (10 points) Find its velocity v(t), after 10 seconds. Note that v(t) = H ′(t).
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(b) (10 points) Find its acceleration a(t) after 10 seconds, given a(t) = v′(t) = H ′′(t).

Solution:

(a) Velocity is given by the derivative of the height (position) function.

v(t) = H ′(t) = (100)′ − (4.9t2)′ = 0− 4.9(2t) = −9.8t. Therefore the velocity after 10 seconds is

H ′(10) = −9.8(10) = −98 feet per second.

(b) Acceleration is the second derivative of the height (position) function. We have already dif-
ferentiated it once. Now we need to differentiate the derivative, namely v(t) = H ′(t). We get
a(t) = v′(t) = (−9.8t)′ = −9.8. So acceleration is constant at -9.8 feet per second per second, at
all times.

6. (20 points) Find the derivatives of the following functions following the directions given for each.

(a) (10 points) (x− 1

x
)(x5 + 3x + 1) (Use product rule)

(b) (10 points) f(x) =
x2 − x + 1

2x + 3
(Use quotient rule)

Solution:

a). using product rule, we get

f ′(x) = (x− 1

x
)′(x5+3x+1)+(x− 1

x
)(x5+3x+1)′ = (x′−(x−1)′)(x5+3x+1)+(x− 1

x
)((x5)′+3x′+0)

= (1− (−x−2))(x5 + 3x+ 1) + (x− 1

x
)(5x4 + 3) = (1− (1/x2))(x5 + 3x+ 1) + (5x5 + 3x− 5x3− (3/x))

= x5 + 3x + 1− x3 − (3/x)− (1/x2) + 5x5 + 3x− 5x3 − (3/x) = 6x5 − 6x3 + 6x− (6/x)− (1/x2) + 1.

In the last line we just collected like terms to simplify the expression.

5b.Using quotient rule,

f ′(x) =
(x2 − x + 1)′(2x + 3)− (x2 − x + 1)(2x + 3)′

(2x + 3)2

=
(2x− 1)(2x + 3)− (x2 − x + 1)(2)

(2x + 3)2

=
4x2 + 4x− 3− 2x2 + 2x− 2

(2x + 3)2

=
2x2 + 6x− 5

(2x + 3)2
.
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