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Howard University Math Department

All of the problems in this quiz are related to the function

y = f(x) = x +
1

x

1. (10 points) Find the horizontal and vertical asymptotes and x and y intercepts of f(x). For
horizontal asymptote remember that you need to look at what happens as x → ∞ and
x→ −∞.

Solution:

By writing the function with common denominator x we get f(x) =
x2 + 1

x
.

To find x−intercepts we need f(x) = 0. This is only possible if numerator is zero and denom-
inator is not zero at same time. But x2 + 1 is always positive, in fact bigger than 1, so the
numerator cannot be zero and thus there are NO x−intercepts.

To find vertical asymptote we see when denominator is zero. That happens at x = 0. So there
is a vertical asymptote at 0.

To find horizontal asymptote we look at what happens as x→∞ and x→ −∞. For that we

divide above and below by the lowest power, namely x, and we get
x + (1/x)

1
and this clearly

goes to infinity and not any particular value so there is no horizontal asymptote.

You could have also divided both by the highest power x2 but this is easier.

2. ( 10 points) Find the critical points and the points of inflexion of f(x). Remember that the
points where derivative is undefined are also critical points.

Solution: Differentiating once we get

f ′(x) = (x +
1

x
)′ = (x)′ + (

1

x
)′ = 1 + (x−1)′ = 1− x−2 = 1− 1

x2
.

This is zero when 1− 1/x2 = 0 =⇒ 1 =
1

x2
=⇒ x2 = 1 & x 6= 0 =⇒ x = ±1.

So x = 1 and x = −1 are the critical points, in addition to x = 0 where the function (and
hence its derivative) is undefined.

Differentiating again we get f ′′(x) = (f ′(x))′ = (1− 1

x2
)′ = 0− (x−2)′ = −(−2x−3) =

2

x3
. This

is zero only when the numerator is zero but that never happens because numerator is just 2.
So there are NO points of inflexion.

3. (16 points) Find out where the function is increasing, decreasing, concave up, concave down
and relative minimum, relative maximum. Graph the function.



To see where it is increasing or decreasing you check values of the derivative 1− 1

x2
at points

between and to the left and right of the critical points at x = −1, 0, 1. We see that the
derivative is positive at x = −2, negative at x = −1/2 and x = 1/2 and positive at x = 2.
So the function is increasing from −∞ to -1, then decreasing from -1 to 0. BTW by the first
derivative test this tells you that it has a relative maximum at x = −1. Similarly we see that
it is decreasing from 0 to 1 and then increasing, and thus has a relative minimum at x = 1.

To see where it is concave up and concave down we look at second derivative f ′′(x) =
2

x3
.

Because the function’s graph is divided into two pieces by the vertical asymptote at x = 0
we need to look at the negative and positive sides separately (otherwise you need to look at
only one point if there is no inflexion point). This is clearly positive when x is positive, say
x = 1 and negative when x is negative, say x = −1. So it is concave down for negative values
of x and concave up for positive values. BTW the fact that it is concave down also tells that
it has a relative maximum at x = −1 (second derivative test). Similarly it is concave up at
x = 1 so it has a relative minimum there.

Note that the graph (below) goes from concave down to concave up as you pass zero but zero
is NOT an inflexion point. The function has to be defined in order for a point to be a point
o finflexion. At zero this function has an asymptote – it is undefined.
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You can get this graph and more at http://www.wolframalpha.com and plugging in the fol-
lowing in the search box: x+(1/x)


