
5/8/17 Spring 2017, Intro to Modern Algebra II Final Exam Solutions Sitaraman

EACH PROBLEM 20 POINTS UNLESS OTHERWISE STATED.
ANSWER AS MANY AS YOU CAN.

1. Give an example of a finite abelian group with 100 elements inside the group of non-zero complex
numbers under multiplication.

Describe the possible types of abelian groups of order 100 that could be isomorphic to this group. For
example, Z/100Z is one of them.

Solution:

(a) The group of numbers of the form uk, 1 ≤ k ≤ 100, where u = e2πi/100 = cos(2π/100) +
i sin(2π/100).

The isomorphism types are Z/4Z×Z/25Z,Z/2Z×Z/2Z×Z/5Z×Z/5Z,Z/4Z×Z/5Z×Z/5Z,Z/2Z×
Z/2Z× Z/25Z. Note that Z/100Z ' Z/4Z× Z/25Z and so on. So we only need to look at the prime
powers.

2. Show that a finite abelian group of order pq where p and q are two distinct primes is always cyclic.

Soln: We know that it has a subgroup of order p and a subgroup of order q by Cauchy’s theorem.
But both these subgroups are cyclic because they are of prime order. Let a and b be their respective
generators. Then show that ab has order pq. This proves that the given group is cyclic and generated
by ab.

Basically you need to show that if (ab)m = e then pq divides m. But if (ab)m = e then am = b−m.
Raising both sides to the power of p and q we see that amq = e and b−mp = e. But amq = e means
that p|mq =⇒ p|m because (p, q) = 1. Similarly bmp = e means q|m.

3. (40 points) Show that a group G of order p2 is abelian using the following steps.

(a) Show that the center Z(G) is of order ≥ p. (Use relevant theorem).

(b) Show that for any group the centralizer C(g) is a subgroup for all g in that group.

(c) If g 6∈ Z(G) show that the centralizer C(g) contains Z(G) and hence must have order p2.

(d) Conclude that G is abelian.

Solution: This is theorem 2.11.5.

4. Give on example for each. Explain how they satisfy each of the conditions given.

a) (15 points) A non-commutative division ring [Hint:Think of a four dimensional vector space over
the real numbers that is also a division ring].

b) (15 points) A non-trivial automorphism of F [x], the ring of polynomials over a field.

Solution:

a) The ring of quarternions is one. See example 4.1.13.

b) Examples of such automorphisms are given in the exercises following section 4.6. One such auto-
morphism is given in problem 9: send x to ax+ b where a, b are elements of F, with a 6= 0.

5. (30 points) Given a field F, show that the ring of 2×2 matrices with entries from F denoted by M2(F )
has the zero ideal (0) as the only maximal (two-sided) ideal, using the following steps.
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(a) Let I be a non-zero, proper ideal. Let A =

(
a b
c d

)
be a matrix with atleast one non-zero entry,

say a 6= 0. Find matrices B1 =

(
x1 0
0 0

)
, B2 =

(
x2 0
0 0

)
such that C = B1AB2 =

(
1 0
0 0

)
.

(b) Find matrices D1, D2 such that (D1CD2) + C is the identity matrix I2.

(c) Explain why the above steps show that you can always make I2 ∈ I as long as the ideal has at
least one non-zero matrix. Conclude that I = M2(F ). Thus (0) is the only maximal ideal, indeed
the only proper ideal.

(d) Show that M2(F ) is not a field. Even though we showed above that this ring has only (0) and
itself as the ideals, it is not a field. Why is that not a contradiction?

Soln: Since a 6= 0, choose x1 = a−1. Also choose x2 = 1. They will yield the desired result.

The first two steps work because I is a two-sided ideal. AB and BA are both in I if A ∈ I and B is
any matrix in M2(F ).

D1 =

(
0 0
1 0

)
, D2 =

(
0 1
0 0

)
.

Once you have DC ∈ I and C ∈ I you get DC + C ∈ I also.

Show that the above steps will work regardless of which of a, b, c, d are non-zero.

Once the identity matrix is in the ideal, all other matrices will also be in it.

It is not a field because it is not commutative. The theorem about a ring with only (0) and itself as
ideals being a field works only if it is commutative.

6. State whether the following are true or false, with justification for each:

(a) F ⊂ K are fields. If α ∈ K satisfies the irreducible polynomial f(x) of degree n, then {1, α, α2, ...., αn−1}
is a basis for F [α] over F.

(b) F5[i] is an algebraic extension of degree 2 over F5, where F5 = Z/5Z and
√
−1 = i.

Solution:

a) True. This is contained in the proof of Theorem 5.3.5.

b) False. The polynomial x2 + 1 factors as (x + 2)(x− 2) mod 5. So the polynomial is reducible and
the minimal polynomial is x− 2 which is of degree 1.

7. Show that if K is an extension of degree p over F where p is a prime then there can be no extensions
between F and K.

Solution: By the corollary to theorem 5.3.1, the degree of any intermediate extension must dvide p.

8. Find the extension of Q of smallest degree containing all the roots of x3 − 1.

Solution:

This is a reducible polynomial: x3−1 = (x−1)(x2+x+1) where x2+x+1 is an irreducible polynomial
with roots (−1 ± i

√
3)/2. So Q[i

√
3] will contain all the roots of x3 − 1 and it is clearly the smallest

degree extension that can do this.

9. An algebraic number α is called an algebraic integer if the minimal polynomial f(x) has integer
coefficients, i.e, f(x) ∈ Z[x]. Show that if α ∈ Q[i] is an algebraic integer then it is a Gaussian integer,
i.e, α ∈ Z[i]. [Hint: First show it has degree 2. Then show that because its minimal polynomial (monic,
irreducible polynomial) is quadratic and has integer coefficients, the roots must be Gaussian integers].
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Solution:

Since Q[i] is a degree two (two dimensional) extension, it is clear that the minimal polynomial must
be quadratic. As mentioned above, the quadratic polynomial must look like x2 + mx + n where m,n
are integers. If a ± bi ∈ Q[i] are the roots then 2a = −m and a2 + b2 = n. Plugging in −m/2 = a in
the second equation we get m2 + 4b2 = 4n2. This is only possible if m is a multiple of 2, in which case
a = −m/2 is an integer. From this we can conclude that b is also an integer.
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