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Outline of solutions to probems 8 and 22 of Section 2.11

Problem 8: Prove Cauchy’s theorem using class equation.
Proof: When G is abelian, class equation is of no use because G = Z(G) and every element has a

conjugacy class with just one element, namely itself. But in this case proof of Cauchy;s theorem is easy so
we can just use the proof given in the book for abelian groups.

Also note that we cannot assume G is a p−group. In fact, if it were then it is easy to get an element of
order p because every element has order a power of p. If ◦(a) = pm then ap

m−1

has order p.
If G is not abelian, assume by induction that every proper subgroup with order divisible by the prime p

has an element of order p. Then we can assume that the center (which has to be a proper subgroup because
G is not abelian) and the centralizers C(a) for all a 6∈ Z[G] (also proper subgroups because if C(a) = G
then a ∈ Z[G]) have orders not divisble by p. Otherwise by induction hypothesis we will get an element of
order p in them, and hence in G. But then in the class equation we will have |G| and |G|/|C(a)|, a 6∈ Z[G]
all divisible by p, but |Z[G]| not divisible by p which is a contradiction.

Problem 22: Show that if G is of order pn then any subgroup of order pn−1 is normal.
Proof: Proof is similar to to the proof that any two p−Sylow subgroups are conjugates. See for example,

Hungerford’s Algebra.
Let H < G be a subgroup of order pn−1.
Let us ask the question, what does it mean to say H / G ?
Well, we need H = xHx−1 ∀x ∈ G. This means H ∩ xHx−1 = H ∀x ∈ G.
This in turn means that, if h ∈ H, then h ∈ xHx−1 ∀x ∈ G.
But this happens iff x−1hx ∈ H which happens iff xH = hxH ∀x ∈ G.
So the key is the following:

Given a coset xH, the number of h ∈ H such that hxH = xH equals |H ∩ xHx−1|.
Proof: If h ∈ H is such that hxH = xH then x−1hxH = H =⇒ x−1hx ∈ H

=⇒ h ∈ xHx−1 =⇒ h ∈ H ∩ xHx−1.
Now consider the action of the group H on the set S = {xH | x ∈ G}, the set of left cosets of H, given

by h(xH) = hxH. The number of elements in S is p, the index of H. The stabilizer of a given coset xH is
simply H ∩ xHx−1 as proved above.

The subset of S fixed by this action, say S0 contains H and is of order less than p. If it were all of S then
we have hxH = xH for all x ∈ G and h ∈ H which means

H ∩ xHx−1 = H ∀x ∈ G =⇒ H = xHx−1 ∀x ∈ G =⇒ H / G.
The stabilizer subgroup of xH 6∈ S0 is of order less than pn−1 because if it equals all of H then xH ∈ S0,

the set of elements fixed by the action of H. So the index [H : Stab(xH)] is pk with k ≥ 1, for each xH 6∈ S0.
Now we have, by the decomposition of S into disjoint orbits (equivalence classes),

|S| = |S0|+
∑

xH 6∈S0

|Orbit(xH)| = |S0|+
∑

xH 6∈S0

|H|/|Stab(xH)| =⇒ p = |S0|+ mp for some m ≥ 1.

But this can’t happen if |S0| < p unless S0 = 0 but we know S0| ≥ 1 because H ∈ S0 as mentioned in
the beginning. So that means that S0 = S and hence H / G.
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