
Spring 2017 Intro to Modern Algebra II Sitaraman 4/3/17

Wikipedia assignment: history of some algebra problems?
5.2. Some basic theorems on vector spaces

Earlier : Showed that Q[
√

2] = {a + b
√

2 | a, b ∈ Q} is a field.

We can think of this as a vector space with coefficients in Q and basis {1,
√

2}.
Recall also that it is isomorphic to Q[x]/(x2 − 2).
In fact any field extension of a field F with a finite basis (hence finite dimension)
can be generated in this way. Proof in 5.3.

Basic properties and definitions

Note: Definition of a vector space has similarities with that of an ideal.

1. Every vector space V over a field F has a basis: a linearly independent subset that spans V.

Each element can be written uniquely using the basis elements

Notice the similarity with direct products.

2. A finite dimensional vector space V of dimension n is one with basis containing n elements.

All bases of V have n elements.

n is the smallest number of elements in V that can span V.

3. Any n elements that span an n−dimensional space V are linearly independent ;

Any set of n linearly independent elements form a basis of V.

Any set with more than n vectors will be linearly dependent

Key tool:
Statement A: If there are n homogenous linear equations in more than n variables,
then there is a nontrivial solution.
Homogenous linear equation example: ax + by + cz = 0.
Basically no constant term on LHS and RHS is 0.
Can also use:
Statement B: If there are more than n linear expressions in n vectors,
then the “excess” expressions can be reduced to zero.

Proof that if dimV = n any set of m > n vectors is linearly dependent.
Will give two proofs, one using each of the statements above.
Let v1, v2, ...., vn be a basis for V and w1, w2, ..., wm any set of m vectors, with m > n.

Proof using statement B:
Assume m = 3 and n = 2. Proof similar in general case.
We have

w1 = a1v1 + a2v2

w2 = b1v1 + b2v2

w3 = c1v1 + c2v2

=⇒ for some x, y, z ∈ F, xw1 + yw2 + zw3 = 0v1 + 0v2

Basically we are doing row operations to reduce one equation to zero.
The row operations can also be done on w1, w2 and w3

because multiplying by scalars or adding vectors is allowed in a vector space.
So when we perform row operations,
instead of saying xR1 + yR2 etc., we say xw1 + yw2.
Thus we get that the wi are dependent.
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Proof using statement A: (adapted from book)
For the same equations as above we want to solve for x, y, z such that xw1 + yw2 + zw3 = 0.
Multiplying the three equations by x, y, and z respectively and collecting the coefficients of v1, v2

we get
a1x + b1y + c1z = 0

a2x + b2y + c2z = 0

A nontrivial solution x, y, z exists by Statement A.

Exercise: Find the dimension of space spanned by (1,1,1),(1,1,0),(0,0,1).
Problem 7 and 10: Vector space homomorphism and first isomorphism theorem.
Problem 17: V a vector space over K and K an extension over F.
Chain of field extensions and the relation between their dimensions.
Application of problem 17 and item 3c.
HW8: 5.2: 1,6,8,10,11,14.
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