
4/20/2016 Spring 2016, Calculus I Test III Sitaraman
Howard University Math Department

1. (15 points) Show that lim
x→0

x lnx = 0 using L’Hospital’s rule. First show how and why L’hospital’s rule

applies here. [Hint: write it as
lnx

1/x
first].

Solution:

First we check that L’Hospital’s rule applies. Once we write it as
lnx

1/x
we have that both lnx going to

−∞ and 1/x going to∞ as x goes to 0. Both functions are differentiable and derivative of denominator
is not zero near 0. So it applies.

We get upon applying the rule,

lim
x→0

lnx

1/x
= lim

x→0

(lnx)′

(1/x)′
= lim

x→0

(1/x)

−1/x2
= lim

x→0
(1/x)(−x2/1) = lim

x→0
−x = 0.

2. (20 points) Graph the function y = xlnx in the domain x ≥ 0. Define xlnx = 0 at x = 0 (as shown in
problem 1).

You must explain how you got the graph. Just plotting points for a few values of x is not enough.

You must find the following:

a) All the local maxima and minima and inflexion points.

b) Where it is increasing, decreasing, concave up and concave down.

c) Its intercepts and what happens as x→∞.
Solution:

We have, using product rule, y′ = 1(lnx) + x(1/x) = lnx + 1. It is undefined at x = 0. This is zero
when lnx + 1 = 0 which hapens when lnx = −1 =⇒ x = e−1. So 0 and e−1 = 1/e are the critical
points.

The derivative is negative when x < 1/e and positive when x > 1/e. So it is decreasing when x < 1/e
and increasing when x > 1/e.

The second derivative is (y′)′ = (lnx+ 1)′ = 1/x. This is never zero, so there are no inflexion points.

It is always positive in x > 0 so the function is always concave up.

So the value at 1/e which is (1/e)(ln(1/e) = −1/e is a local minimum because second derivative is
positive and graph is concave up there.

It goes to ∞ as x→∞ because both x and lnx go to ∞.
So there is no absolute maximum but -1/e is an absolute minimum because, 0 and 1/e are the only
critical points and the function going to infinity at the other “boundary point,” -1/e is the smallest.

The graph looks like a J, starting at 0 (which is also the y−intercept), going down and attaining a
minimum of (1/e)(ln(1/e) = −1/e at x = 1/e and then going up, crossing the x− axis at 1 because
xlnx = 0 at x = 1.
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3. (15 points) Using the Rolle’s theorem (or mean value theorem) show that the function f(x) = x4+x+1
has at the most two zeroes, i.e, not more than two values of x for which x4 + x+ 1 = 0.

Solution: The derivative f ′(x) = 4x3 + 1 = 0 =⇒ x3 = −1/4 =⇒ x = − 3
√

1/4 is zero exactly once.
Thus by Rolle’s theorem, there can be at most two zeroes. Otherwise, function would have two turning
points, one each between each pair of zeroes, and the derivative would be zero at those points.

4. (20 points) Show that, of all rectangles of a given perimeter, say L, the square has the largest area.

First we need to find the function that is to be maximized.

Since it says “largest area” we maximize A(x) = xy where x is the length and y is width.

[It will work if you choose x to be the width, as well].

We need to make A(x) really a function of just x alone, and to do that we need to solve for y in terms
of x.

Perimeter is constrained to be fixed, and let it be L, so we get 2x+ 2y = L =⇒ y = (L− 2x)/2.

Plugging this in, we get A(x) = xy = x(L− 2x)/2 = (xL− 2x2)/2.

This is defined everwhere. It is zero when (xL− 2x2)/2 = 0 =⇒ x(L− 2x)/2 = 0 =⇒ x(L− 2x) =
0 =⇒ x = 0 or 2x = L.

So the boundary points are 0 and L/2 because otherwise A(x) will be negative and area cannot be
negative.

Critical points: A′(x) = 0 =⇒ (xL− 2x2)′/2 = 0 =⇒ (L− 4x)/2 = 0 =⇒ x = L/4.

Since the function is defined everywhere L/4 is the only critical point.
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Checking for local max / min:

First try second derivative test.

A′′(x) = −4.

This is negative always, so L/4 is a local maximum.

At x = L/4, y = (L− 2x)/2 = (L− (L/2))/2 = L/4 and A(x) = xy = (L/4)(L/4) = L2/(16).

Comparing the value at the critical point with the values at the boundaries 0 and L (both of which
are 0) we get that the square with length and width equal to L/4 will have maximum area among all
rectangles of perimeter L.

5. (20 points extra credit) Approximate the area under f(x) = ex from x = 0 to x = 1 by using a Riemann
sum on the left endpoints with 5 intervals of equal width. Compare it with actual value found using
fundamental theorem of calculus (i.e, using antiderivative).

Solution:

The desired area is given by

∫ 1

0

ex dx

For the Riemann sum n = 5 and ∆x = (1− 0)/5 = 0.2.

The integral is approximated by(
4∑

k=0

ek(0.2)

)
0.2 = (0.2)

(
e0 + e0.2 + e0.4 + e0.6 + e0.8

)
= (0.2)(7.76) = 1.552.

Actual value is

∫ 1

0

exdx = [ex]
1
0 = e1 − e0 = 1.7128

(The approximation will get better as we increase the number of intervals).

6. (14 points) Integrate by substitution: y =

∫
tan θ dθ.

Solution:

∫
tan θdθ =

∫
sin θ

cos θ
dθ =

∫
−du
u

(put u = cos θ) = −ln(u)+C = −ln(cos θ)+C = ln(cos θ)−1+C = ln(sec θ)+C.

7. (16 points) Find the derivatives of the functions defined by

(a) f(x) =

∫ x

0

ln(t)

t
dt. (b) f(x) =

∫ 1

x

tet
2+1 dt.

Solution:

(a) Using fundamental theorem of calculus, the derivative is given by f ′(x) = ln(x)/x.

(b) First write the integeral as f(x) = −
∫ x

1
tet

2+1 dt.

Now using fundamental theorem we get f ′(x) = −xex2+1.
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