
4/1/2016 Spring 2016, Calculus I Quiz 7 Sitaraman
Howard University Math Department

Instructions:
PLEASE PROVIDE STEP BY STEP EXPLANATIONS
WRITING ONLY ANSWERS WILL NOT GET FULL CREDIT
Time Limit 30 minutes
Please read the questions carefully before answering
Each problem 10 points. Any points in excess of 30 is extra credit.

1. Find the intervals where the function f(x) = e−x
2

is increasing, decreasing, and also
find its local maxima and minima using the first derivative test.

(Extra credit 10 points) Find the points of inflexion, where the function is concave up
and where it is concave down, and graph it. You must find the concavity using second
derivative. [BTW, this kind of function (bell curve) appears in normal distribuion
in statistics. Many natural phenomena, such as height of people, follow a normal
distribution].

Solution:

f ′(x) = −2xe−x
2
.

This is defined everywhere. It is zero when −2xe−x
2

= 0 =⇒ x = 0. (note that e−x
2

is never zero).

So there is just one critical point and two intervals I = (−∞, 0), II = (0,∞).

Enough to check one point from each interval to see how function behaves in whole
interval.

In I we have f ′(−3) = (−2×−3)e−(−3)
2

= 6e−9 > 0 so f(x) is increasing.

In II we have f ′(1) = (−2× 1)e−1
2

= −2e−1 < 0 so f(x) is decreasing.

So at 0 function is local maximum because it is increasing, then decreasing.

[Extra credit] The second derivative (using product rule) is f ′′(x) = −2e−x
2−2x(−2xe−x

2
) =

(4x2 − 2)e−x
2
. This equals zero when 4x2 − 2 = 0 =⇒ x = ±1/

√
2. So it has two

inflexion points, at 1/
√

2 and −1/
√

2 respectively. Note that e−x
2

is never zero, in fact
it is always positive and the graph is always above the x−axis. 4x2 − 2 is positive to
the left of −1/

√
2 and to the right of 1/

√
2, so in those places the second derivative is

positive and the graph is concave up. In between the two inflexion points the second
derivative is negative and the function is concave down.

BTW you can also see that f ′′(0) = (4(02) − 2)e−0
2

= −2 is negative at 0, and thus
function is concave down there. This is another way to check that it is a local maximum.

It is also easy to see that e−x
2 → 0 as x→ ±∞.

Putting everything together the graph is a bell curve that is asymptotic to the x−axis
at the two ends and has its “vertex” at 1 and curves down and away from there to
infinity on both sides of the y−axis.
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To see actual graph google e^-x^2 or enter the same in wolframalpha.com.

2. Show that lim
x→∞

ex

x2
=∞ using L’Hospital’s rule. You will need to apply the rule twice.

Each time explain why the rule applies.

[This shows that ex function is much bigger than x2 as the value of x increases].

Solution: First we check that L’Hospital’s rule applies. We have both ex and x2 going
to ∞ as x goes to ∞. Also they are both differentiable and derivative of denominator
is not zero near ∞. So it applies.

We get upon applying the rule, lim
x→∞

ex

x2
= lim

x→∞

(ex)′

(x2)′
= lim

x→∞

ex

2x

As x → ∞,both ex and 2x are going to ∞. Also they are both differentiable and
derivative of denominator is not zero near ∞. So L’Hospital’s rule again applies.

We get upon applying the rule, lim
x→∞

ex

2x
= lim

x→∞

(ex)′

(2x)′
= lim

x→∞

ex

2
. So the limit is ∞.

3. Show that the mean value theorem works for x4 + x in [0,1]. In other words, find
c ∈ (0, 1) such that the tangent at x = c has the same slope as the secant from x = 0
to x = 1.

First verify it satisfies MVT conditions there.

Solution: x4 + x is continuous and differentiable everywhere, so it satisfies MVT con-
ditions in [0,1]

We want slope of tangent f ′(c) = 4c3 + 1 = f(1) − f(0)/(1 − 0) the slope of secant
from 0 to 1 for some c ∈ (0, 1). In other words, 4c3 + 1 = ((14 + 1)− (04 + 0))/(1−0) =
2 =⇒ 4c3 = 1 =⇒ c = 1/ 3

√
4 = 0.63, approximately.

Now 0.63 is in (0,1), and the tangent at that point is parallel to the slope of the secant
from 0 to 1, so MVT is satisfied.
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