
4/23/2014 Spring 2014, Linear Algebra Quiz 17 Solutions and Comments Sitaraman

State whether true or false. Prove if true and disprove or give counterexample if false.

a) The matrix A =

1 1 1
0 1 1
0 0 1

 is diagonalizable. Recall that its characteristic poynomial is (λ− 1)3 and

the eigenspace of 1 is spanned by (1,0,0).
b) A 4 × 4 matrix with three eigenvalues such that two eigenspaces are one dimensional and third

eigenspace is two dimensional is not diagonalizable.

Solution
a) False. It cannot have three independent eigenvectors because the eigenspace is one dimensional.
Note: We need the dimensions to add up to the dimension of the domain, NOT the column space. The

dimension of the domain is the same as the number of columns in the matrix. That should equal the sum of
dimensions of the eigenspaces. Here the eigenspace of the eigenvalue 1 is 1 because it is spanned by a single
vector (1,0,0), but the dimension of the domain is 3 (number of columns). Dimension of the column space
is the number of pivots. Here it is three but in general it need not be same as number of columns.

Example of a diagonalizable matrix whose column space is smaller than domain:(
1 0
0 0

)
This has only one pivot but has eigenvalues 1 and 0 and it is diagonal itself!

b) False. It will have four independent eigenvectors. The dimensions of the eigenspaces will add up to 4.
So it will be diagonalizable.

The following is not necessary for the answer but it gives you a proof that if the dimensions of the
eigenspaces add up to 4 then there will be 4 linearly independent eigenvectors.The same proof will work in
general, not just n = 4.

The eigenvectors will be independent because eigenvectors of distinct eigenvalues are linearly independent
and the two eigenvectors that form the basis of the eigenspace that has two dimensions are also linearly
independent (because they form a basis!). Let v1,v2 be the eigenvectors from the two dimensional space
and v3,v4 the other two eigenvectors. Suppose x1v1 + x2v2 + x3v3 + x4v4 = 0 and x3 = 0, x4 = 0
then we have that v1,v2 are dependent which cannot be true. So let one of x3 or x4 be non-zero. Then
multiplying by the 4 × 4 matrix A and using the property that Av = λv for an eigenvector v we get
A(x1v1 + x2v2 + x3v3 + x4v4) = x1λ1v1 + x2λ1v2 + x3λ2v3 + x4λ3v4 = 0.

Now subtracting this from the equation λ1(x1v1 + x2v2 + x3v3 + x4v4 = 0) we get (λ1 − λ2)v3 + (λ1 −
λ3)v4 = 0.

But since v3,v4 are independent (they belong to distinct eigenvalues) this can happen only if λ1−λ2 = 0,
λ1 − λ3 = 0.

This is not possible.
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