
4/30/2014 Spring 2014, Linear Algebra Final Exam Sitaraman

Instructions:
PLEASE PROVIDE STEP BY STEP EXPLANATIONS
ANSWERS WITHOUT EXPLANATION WILL ONLY GET 40 percent
Time Limit 2 hrs
Please read the questions carefully before answering
It is recommended that you first try those problems you are most comfortable with.
Attempt as many as you can; Anything over 200 is extra credit.

Problem 1 is mandatory.
Answer any 8 of remaining 10 which carry 20 points each.

1. (40 points) Say whether each statement is true or false. If true prove your statement or
quote the relevant theorem. [It is NOT enough to give just one example]. Otherwise,
prove that it is false or provide a counterexample.

(a) A system represented by Ax = 0 where A is a 3× 4 matrix will always have free
variables and hence infinitely many solutions regardless of what is in A.

(b) If a transformation from Rm to Rn can be represented by a matrix then it is linear,
regardless of m and n.

(c) Every subspace of a vector space is itself a vector space.

(d) For any basis B of Rn there are at least two different ways to write every vector
v as a linear combination of the vectors in B.

Soln:

(a) TRUE. The rank is the number of pivot columns and there can be atmost 3 of
those. So nullity (= number of columns - rank) is at least 4-3 = 1. So there will
be infinitely many nonzero solutions.

You can also see this ”geometrically.” The corresponding transformation takes
vectors in R4 to R3 so some ”collapsing” is necessary. This means some vectors
will have to be mapped to the zero vector.

(b) TRUE. By theorem 5 of 1.4, the matrix satisfies the linearity conditions which
are required of a linear transformation also. So the corresponding transformation
will be linear automatically. The linearity conditions are A(u + v) = Au + Av
and A(cu) = cAu.

(c) TRUE. By the basic definition of subspace. (A subspace satisfies the closure
under addition and scalar multiplication requirements as well as the zero vector
requirements. Rest of the properties it satisfies because it inherits them from tthe
bigger space by virtue of being a subset of that space).
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(d) FALSE. The unique representation theorem (Theorem 7, 4.4) says no. If there
are two different ways to write a vector, then by subtracting we get a linear
combination of the basis vectors that is zero. But this is impossible because the
basis vectors are linearly independent.

2. ( harder problem) Give an example of a 3×4 matrix A such that the system of equations
Ax = y is inconsistent.

Soln: Such a system is represented as an augmented matrix:1 0 0 0 | 1
0 1 0 0 | 0
0 1 0 0 | 1



3. ( harder problem) Prove that P2 the space of polynomials of degree 2 or less with real
number coefficients is isomorphic to the space V of upper triangular matrices of M2×2,

i.e, matrices of the form

[
a b
0 c

]
, by producing a one-one, onto linear map between

them.

Map the standard basis vectors of the first space 1, t, t2 to the standard basis of the

second space given by e1 =

[
1 0
0 0

]
, e2 =

[
0 1
0 0

]
and e3 =

[
0 0
0 1

]
.

You can show that this produces a one-one onto linear mapping directly or appeal to
theorem 8 of 4.4 to say that this is actually a composition of the coordinate mapping
from P2 to R3 and the coordinate map from R3 to V. Since coordinate maps are 1-1,
onto and linear, their composition is also such a map.

4. Solve by using Cramer’s rule if possible :

−2x +3y −z = 1
x +2y −z = 4
−2x −y +z = −3

Solution:

x =
−4

−2
= 2, y =

−6

−2
= 3, z =

−8

−2
= 4.

5. Find the determinant of the matrix A =

 1 1 −1
1 1 0
−1 0 1

 using row operations. Indicate

each operation.
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Soln: detA = det

1 1 −1
0 0 1
0 1 0

 using R2-R1 for R2, R3+R1 for R3. Expanding along

column 1, we get that it equals 1(0-1) = -1.

6. Find a basis for the vectors (x, y, z) on the plane given by the equation x− y + z = 0
in R3. [One way to think of it: This plane is the null space of what matrix?]

Soln:

You can think of this plane as the null space of the matrix [1 -1 1]. This matrix has
just one row because it represents just one equation.

The null space of this matrix is given by looking at
[
1 −1 1 | 0

]
which has two

free variables, say y and z. Then the solutions look like this:y − z
y
z

 = y

1
1
0

+ z

−1
0
1

 .

The two vectors (1,1,0) and (-1,0,1) are clearly independent and they form the basis
for the given plane.

Alternate solution This is not all that different, but doesn’t involve matrices. Solving
for x as x = y − z from teh equation, we can write any vector on this plane as
(y − z, y, z) = y(1, 1, 0) + z(1,−1, 0).

7. The space of infinite sequences {an} = (a1, a2, a3, ...., an, ....) of real numbers is a vec-
tor space under addtion given by {an} + {bn} = {an + bn} and scalar multiplica-
tion c{an} = {can} (term by term addition and scalar multiplication. For example
(1,2,3,....,n,....)+(1,3,5,...,2n-1,...) = (2,5,8,...,3n-1,...) ; 2(1.1,0,1.35,0,0,....) = (2.2,0,
2.7,0,0,....) and so on. (Note that there is no need for any particular pattern).

What is the dimension of this vector space?

Give an example of a subspace of this space. You must show that it is a subspace.

Soln:

This is an infinite dimensional vector space. You can make a basis similar to the
standard basis of Rn except that there will be infinitely many zeroes in the end.

The sequences with zero in the first place is an example of a subspace. if you add two
such sequences you still get one with zero in the first place. If you multiply by scalar
the first place remains zero. The zero sequence (with all zeroes) is part of this subset
and it is the zero vector of this vector space.

Note: the sequence of integers or sequence of rationals etc., remain closed under addi-
tion but NOT under scalar multiplication. When you multiply such a sequence by a
real number you may not get a sequence of integers or rationals.
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8. If a linear transformation T : Rn → Rn is one to one and onto, then show that it takes
a basis set to a basis set: If v1,v2, ...,vn is a basis for Rn, then T (v1), T (v2), ..., T (vn)
also form a basis for Rn. You may use the following steps if you wish:

(a) It is enough to show that T (v1), T (v2), ..., T (vn) are linearly independent. Why?

(b) Use the fact that T is one-one iff T (x) = 0 means x = 0 to show they are linearly
independent.

Soln: Enough to show that they are linearly independent. Since dimension is n any
set of n linearly independent vectors is a basis.

Now if x1T (v1) + x2T (v2) + ... + xnT (vn) = 0 then using linearity we get T (x1v1 +
x2v2 + ... + xnvn) = 0.

Since T is one-one, we get x1v1 + x2v2 + ... + xnvn = 0.

Because v1,v2, ...,vn are independent, we must have x1 = x2 = ...xn = 0.

So T (v1), T (v2), ...., T (vn) are also independent and they form a basis.

Other ways to do this problem:

1. Note that the matrix
[
T (v1) T (v2) ... T (vn)

]
is the matrix of T in the basis

v1,v2, ...vn. (similar to how
[
T (e1) T (e2) ... T (en)

]
is the usual matrix in the stan-

dard basis). Since T is one-one and onto, the matrix is invertible and the columns are
linearly independent.

2. If A is the matrix of T then
[
T (v1) T (v2) ... T (vn)

]
=
[
Av1 Av2 ... Avn)

]
= A

[
v1 v2 ... vn

]
.

Now both matrices on the RHS are invertible: A is invertible because T is one-one;[
v1 v2 ... vn

]
is invertible because v1,v2, ...,vn form a basis and so the columns

are independent. So the product matrix is also invertible, which means its columns
T (v1), T (v2, ..., T (vn) are also independent.

9. Find the eigenspaces of the eigenvalues of

[
3 2
3 −2

]
.

Soln: Eigenvalues are -3,4.

The corresponding eigenvectors are

[
2
1

]
,

[
−1
3

]
. Each eigenspace will be just the span

of the corresponding eigenvector.

10. Check whether the following matrices are diagonalizable.

(a) A 2× 2 matrix with two distinct eigenvalues.

(b) A 3× 3 matrix which has 0, 1 as eigenvalues and dim(Nul(A− I)) = 2.
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Soln:

a) Yes. Distinct eigenvalues have linearly independent eigenvectors. Any 2× 2 matrix
with 2 distinct eigenvalues will have 2 linearly independent eigenvectors and hence it
will be diagonalizable.

b) Yes. The eigenspace of 1 has dimension equal to dim(Nul(A − I)) which is 2 so
the total number of linearly independent eigenvectors will be 3 because eigenspace of
0 will have dimension at least 1.

11. .Find the co-ordinates of x =

[
1
2

]
in the basis consisting of the vectors

[
−1
1

]
,

[
1
1

]
.

Solve the augmented matrix

[
−1 1 | 1
1 1 | 2

]
to get the coordinates as

[
1/2
3/2

]
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