
8-30-18-class-notes

Section 1.5. One-one functions, Inverse functions, Logarithms

One to One Functions

Recall that y = f(x) is a function if for each x there is exactly one output y.
We could check this by using the vertical line test on the graph.

Similarly we say a function f(x) is 1-1 (one to one) if
for each output value y, there is just one x such that f(x) = y.

We can check this using the horizontal line test:
Does each horizontal line intersect the graph exactly once?

If so, it is a 1-1 function.

1-1 functions are also defined as follows:
If whenever x1 = x2 we have f(x1) = f(x2) also, then f is 1-1.

In other words, different x−values cannot have same y−value.

Inverse Functions

Whenever a function is 1-1, it has an inverse.
Basically, f−1(x) takes the output of f back to the input.

i.e, Given a y−value, it tells you the x−value.

The graph of the inverse is the reflection of the graph of f
about the diagonal line y = x.

Finding the equation of the inverse function:

Because we always write a function with x as variable,
we don’t write the inverse as f−1(y) but as f−1(x).
This means, after you find the rule to take y to x

(which just means solving for x in terms of y)
you switch the x and y variables.

The domain of f−1 will be the range of f and vice-versa.
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EXAMPLES

INVERSE OF SQUARE ROOT FUNCTION

What is the inverse of y =
√
x?

What is its graph?

To find equation of inverse function, first solve for x in terms of y.
We get x = y2. After switching variables, we get f−1(x) = x2.

Note that the domain of f−1 is x ≥ 0 because that is the range of f.
Also the range of f−1 will be x ≥ 0 because that is the domain of f.

Here is the graph of f−1(x) = x2, obtained by flipping the graph of f9x) =
√
x about the

diagonal line y = x.

INVERSE OF EXPONENTIAL FUNCTION – LOGARITHM FUNCTION

The exponential function y = ax for a > 0 is always 1-1.
So it always has an inverse and the inverse is called the logarithm function.

Note that the domain of logarithm function is x ≥ 0 because that is the range of the
exponential function.

Also the range of logarithm function will be all real numbers because that is the domain of
the exponential function.

If f(x) = ax the logarithm function is called loga x.
Tow special cases: log10 x, the base 10 logarithm, is denoted by just log x; loge x, the

natural logarithm, is denoted by lnx.
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Here is the graph of f−1(x) = lnx = loge x, obtained by flipping the graph of f(x) = ex

about the diagonal line y = x.
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MORE ON PROBLEM 31 FROM 1.4

CONTINUED FROM 8-29 NOTES

We showed there that the amount after t days is

N(t) = 200

(
1

2

)t/5

.

Using the property (am)n = amn we can write

N(t) = 200

((
1

2

)1/5
)t

= 200

(
1

21/5

)t

=
200

(21/5)
t .

Using the property that logarithms and exponential functions are inverses (“cancel out”)
we get after applying ln function to both sides, we can write this function as a power of e:

i.e, something of the form eRt.

21/5 = eR =⇒ ln(21/5) = ln(eR) =⇒ 1

5
ln2 = R =⇒ R = 0.693/5 = 0.1386 approximately.

(We also used the property log(Mn) = n logM to show ln(21/5) = 1
5
ln2 )

So we get N(t) =
200

e0.1386t
= 200e−0.1386t.

Note: R = 0.1386 is called the decay constant or rate of decay.

In fact we can write any power as a power of e.
In general, exponential functions to any base can be written to any other base, just as

logarithms to any base can be converted to any other base.
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