
Fall 2017 Test 3 Solutions Discrete Structures 181-01 Sitaraman 11/29/17

1. Find the inverse of 20 mod 29 by using the Euclidean algorithm in reverse. In other
words, find x, y such that 20x + 29y = 1 by first showing that gcd(20,29) = 1 using
Euclidean algorithm and then reversing the steps to find x and y. Find a positive
integer in [1,29] congruent to x. After finding x check that 20x ≡ 1 (mod 29).

Solution: Using Euclidean algorithm we get:

29 = 1(20) + (9) (1)

20 = 2(9) + 2 (2)

9 = 4(2) + 1 (3)

Now to find x, y :

1 = 1(9)− 4(2) (using (3)) (4)

=⇒ 1 = 1(9)− 4(20− 2(9)) (using (2)) (5)

=⇒ 1 = 9(9)− 4(20) (simplified (5)) (6)

=⇒ 1 = 9(29− 1(20))− 4(20) (using (1)) (7)

=⇒ 1 = 9(29)− 13(20) (simplified (7)) (8)

So we get x = −13. Since −13 ≡ 16 (mod 29) the answer is 16.

Check answer: 20(16) ≡ 1 (mod 29)?

We have 20(16)− 1 = 319 = 11(29) so yes.

2. Write 400 in binary and hexadecimal bases.

Solution: Hexadecimal

dividend =16(quotient)+ remainder
400 = 16(25)+ 0
25 = 16(1) + 9
1 = 16(0) + 1

Collecting the remainders, we get 400 = 190 in hexadecimal.
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Binary:

dividend =2(quotient) +remainder
400 = 2(200)+ 0
200 = 2( 100)+ 0
100 = 2( 50)+ 0
50 = 2( 25)+ 0
25 = 2( 12)+ 1
12 = 2(6 )+ 0
6 = 2(3) + 0
3 = 2(1) + 1
1 = 2(0) + 1

Collecting the remainders, we get 400 = 110010000 in binary.

Notice that if you group blocks of 4 from binary expansion, starting from right, and
convert them to hexadecimal you get the same answer:

0000 = 0 ; 1001 = 9 ; 1 = 1

So we get 190.

3. Compute 15100 mod 22 by repeated squaring.

Solution:

152 = 225 ≡ 5 mod 22

154 = 52 = 25 ≡ 3 mod 22

158 = 32 = 9 ≡ 9 mod 22

1516 = 92 = 81 ≡ 15 mod 22

1532 = 152 = 225 ≡ 5 mod 22

1564 = 52 = 25 ≡ 3 mod 22

15100 = (1564)(1532)(154) = 3× 5× 3 = 45 ≡ 1 mod 22.

So the final answer is that 15100 = 1 mod 22. In the last line note how the powers add
up to 100.

For the following two problems it is not enough to list the possibilities.

You MUST use one of the formulae discussed in class.

4. There are 4 identical copies of a math book and 3 identical copies of a computer science
book.

(a) How many ways can the 7 books be arranged on a table?
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(b) How many ways can they be distributed between 3 students?

Solution:

(a) If you denote the math books by M and the CS books by C, this is really the
number ways to arrange the letters in the word MMMMCCC.

The answer is 7!/(4!× 3!) = (7.6.5)/6 = 35.

(b) In this case the order doesn’t matter, it is just a matter of partitioning them
among the three students. The number of ways to distribute the CS books is really
independent from the ways to distribute the math books. We just divide each bundle of
books into three parts. For each selection of books among the three students, you can
separate them into seeing how the CS books are distributed and how the math books
are, so they are independent from each other. Dividing into three parts requires two
partitions. So the answer is C(4+2, 2)×C(3+2, 2) = C(6, 2)×C(5, 2) = 15×10 = 150.

5. There are 4 different math books and 3 different CS books.

(a) How many ways can they be arranged on a table?

(b) How many ways can they be distributed between two students?

Solution:

(a) This is just number of permutations of 7 things, so answer is 7! = 5040.

(b) Each book can be given to either student A or student B. So there are totally
27 = 128 ways to do this. You can think of this as number of ways to divide a set of
seven things into two subsets. This is same as number of subsets of 7 things because
once you select a subset it can be given to student A and its complement can go to
student B.

Some of you tried to do this by dividing 7 into two parts and then looking at number
of ways to get each part. For example 7 = 1+6 and there are 7 ways to give 1 book
to a student and 6 books to the other. This is really the binomial formula that we
proved: 27 = (1 + 1)7 = 1 +C(7, 1) +C(7, 2) +C(7, 3) +C(7, 4) +C(7, 5) +C(7, 6) + 1.
But you don’t divide by 2 because they are two different students!

6. (Extra credit challenge problem) This uses results from problems 1 and 3.

a) Show that there is a number s such that 15s ≡ 1 mod 22 by arguing in the same
way as in problem 1. You don’t have to find that number, yet. Just explain why such
a number exists.

b) Show that 5 is the smallest positive integer such that 15n ≡ 1 mod 22. So 5 is called
the order of 15 mod 22.
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c) Using (b) find the number s such that 15s ≡ 1 mod 22. In other words we can use
the order to find the inverse of a number in the “group” of remainders modulo a fixed
number.

d) Also using (b) show that 15n ≡ 1 mod 22 whenever 5 divides n.

e) Using (d) find 15123456 mod 22.

Solution:

a) As shown in problem 1, if gcd(15,22) = 1 then the inverse modulo 22 exists. But
22 = 15+7 and 15 = 2(7)+1 so on executing the Euclidean algorithm we see that we
end up with 1 and so 1 must be the gcd and an inverse must exist. You can show that
gcd is 1 also by noting that 15 and 22 have no prime factors in common.

b) 154 ≡ 3 mod 22 so 155 ≡ 3(15) = 45 ≡ 1 mod 22. From the steps of problem 3 we
see that the only other possibility is that 153 ≡ 1 mod 22. But if that were the case,
154 would not be ≡ 3 modulo 22! So 5 must be the order of 15 modulo 22.

c) 155 = 154 × 15 ≡ 1 mod 22. Since 154 ≡ 3 mod 22, we have that 15(3) ≡ 1
mod 22. So 3 is the desired inverse.

d) If 5 divides n then we can write n = 5m for some positive integer m.

Then 15n = 155m = (155)m = 1m ≡ 1 mod 22.

e) 123456 = 5m + 1 for some positive integer m because it leaves a remainder of 1
when divided by 5. So 15123456 ≡ 155m+1 ≡ (155m)15 ≡ 1(15) = 15 mod 22.
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