
Fall 2017 Test 2 Solutions Discrete Structures 181-01 Sitaraman 10/27/17

1. The aim of this problem to get the formula for the sum of the geometric sequence

Sn =
n∑

k=0

rk for any real number r and natural number n.

a)(5 points) Expand S9 for r = 2.

b) (10 points) Show that, if Sn =
n∑

k=0

rk then rSn =
∑n

k=0 r
k+1 = Sn− 1 + rn+1. [Hint:

Replace index k by i = k + 1]. Conclude that Sn =
rn+1 − 1

r − 1
.

b) (5 points) Find the value S9 for r = 2.

Solution:

a)S9 = 1 + 2 + 22 + ... + 28 + 29.

b)

Sn =
n∑

k=0

rk =⇒ rSn = r
n∑

k=0

rk =⇒ rSn =
n∑

k=0

(rk)r =
n∑

k=0

rk+1

Replacing k by i = k + 1, we get that k = 0 =⇒ i = 1, and k = n =⇒ i = n + 1.

rSn =
n∑

k=0

rk+1 =
n+1∑
i=1

ri =
n∑

i=0

ri + rn+1 − 1 = Sn + rn+1 − 1

=⇒ (r − 1)Sn = rn+1 − 1 =⇒ Sn =
rn+1 − 1

r − 1
.

c)Plugging in the formula for S9, we get

S9 =
29+1 − 1

2− 1
= 210 − 1 = 1023.

2. (20 points) Check that the relation given by the following matrix is an equivalence
relation from {a,b,c} to itself and write down the relation as ordered pairs and also all
the equivalence classes: 1 0 1

0 1 0
1 0 1


Solution:
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The relation is (a,a),(b,b),(c,c), (a,c),(c,a). It is easy to see that it is reflexive, sym-
metric and transitive. You can do this directly from the ordered pairs or you can do
this by noting that the diagonal has no zeroes in it, the matrix is symmetric, and the
square of the matrix has zeroes in the same places as the matrix itself. The equivalence
classes are [a]=[c]={a,c},[b]={b}.

3. (12 points) Find an equivalence relation on the set X of all the people in the world
in which the equivalence classes are the countries. Assume that everyone is in some
country. You must prove that it is an equivalence relation and that the equivalence
classes are the countries.

(8 points) Give two examples of relations on this set that are NOT equivalence relations
and explain why they are not.

Solution:

Define the relation R by xRy ⇐⇒ x, y were born in same country . Easy to show
this is an equivalence relation.

In homework we showed that “two people are related if they had lived in same country
at some point” is not an equivalence relation.

Another example would be “xRy ⇐⇒ x is taller than y.” This is an anti-symmetric
relation that is not even reflexive.

4. ( 10 points) Write the pseudocode for an algorithm that finds the largest element of a
set of numbers s1, s2, ...sn.

(4 points) Run this algorithm for the input 3,6,12,7.

(6 points) Find a theta notation for the time taken by this algorithm.

Solution: This is in the book.

large(s, n) { (1)

large = s1 (2)

for i = 2 to n (3)

if(si > large) (4)

large = si (5)

return large (6)

} (7)

When you run this algorithm with 3,6,12, 7, it goes like this: large = s1 = 3. 1st
iteration: s2 = 6 > 3 so large = 6. 2nd iteration: s3 = 12 > 6 so large = 12. 3rd
iteration: s4 = 7 < 12 so large = 12 is output.
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Clearly the loop executes n− 1 times.

We have n/2 ≤ n− 1 ≤ n. So n− 1 satisfies C1n ≤ n− 1 ≤ C2n and thus algorithm is
of Θ(n). Or you can just say that n− 1 = Θ(n) because it is a polynomial of degree 1.

5. (Extra credit 20 points) For n ≥ 2 let Fn = Fn−1+Fn−2 be the n−th Fibonacci number
and F0 = F1 = 1.

a) Describe in words or using a flowchart how you would find Fn using a recursive
algorithm or just a regular algorithm.

b) Write the pseudocode for such an algorithm.

c) (4 points) Run the algorithm with n = 6.

Solution:

(a) You would start with F0 = 1, F1 = 1. You would start with i = 2 and let i go to
n. In each iteration we set Fi = Fi−1 + Fi−2. In other words, the computer stores the
values F2, F3, F4, etc., successively and uses them to compute Fn. It is possible to write
an algorithm that doesn’t store all the F0, F1, F2, F3, ... but it is slightly trickier.

(b) Regular algorithm:

fibonacci(n) {
F0 = 1, F1 = 1

for i = 2 to n

Fi = Fi−1 + Fi−2

return Fn

}

Recursive algorithm: This is slightly easier to write.

fibonacci(n) {
If(n == 1 ∨ n == 2)

return 1

return fibonacci(n− 1) + fibonacci(n− 2)

}

If you run these algorithms with n = 6 you get F2 = 1 + 1 = 2, F3 = F2 +F1 = 2 + 1 =
3, F4 = F3 + F2 = 3 + 2 = 5. F6 = F5 + F4 = (F4 + F3) + F4 = 5 + 3 + 5 = 13.
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6. (20 points) Write a program to use the following tables to output the countries of the
Barecelona players who were forwards. Call the first one POSITION and the second
COUNTRY. Explain how each step in the program works.

Player Position Goals Player Country

Evaristo	  de	  Macedo Forward 78 Evaristo	  de	  Macedo Brazil

Sándor	  Kocsis Forward 42 Sándor	  Kocsis Hungary

Juan	  Manuel	  Asensi Forward 73 Juan	  Manuel	  Asensi Spain

Quique	  Costas Defender 3 Quique	  Costas Spain

Antonio	  de	  la	  Cruz Defender 6 Antonio	  de	  la	  Cruz Spain

Hugo	  Sotil Striker 21 Hugo	  Sotil Peru

Johan	  Cruyff Forward 47 Johan	  Cruyff Holland

Solution:

TEMP1:= POSITION [Player=Player] COUNTRY

TEMP2:= TEMP1[Position=Forward]

TEMP1[Country]

Line 1 joins the two tables with position as the matching criterion and creates a new
table TEMP1.

Line 2 extracts the rows from TEMP1 and creates a new table TEMP2 with only
forwards in it.

Line 3 extracts the column with countries where the players in TEMP2 are from.

You can get a shorter program by adding the condition that the position is forward in
Line 1.
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