
10/28/16 Fall 2016, Intro to Modern Algebra I Test II Solutions Sitaraman

EACH PROBLEM 20 POINTS. ANSWER AS MANY AS YOU CAN.

1. φ : G 7→ G′ is a surjective homomorphism between two groups with kernel K. Describe with proof the
correspondence between the normal subgroups of G containing K and the normal subgroups of G′.

Solution: This is the correspondence theorem in chapter 2, section 7 of Herstein.

2. Give an isomorphism between R/Z and U = {z ∈ C∗ | |z| = 1} = {e2πiθ | θ ∈ R}.
Solution: The isomorphism is given by showing that the map R → U given by θ 7→ e2πiθ is a surjective

homomorphism that has kernel Z and then using the first isomorphism theorem.

3. Give an example of a nontrivial normal subgroup of the group GL2(Z) of 2 by 2 square matrices with
integer entries and determinant 1 or -1, under multiplication.

[Hint: Look at the determinant map to the group {1,−1} with operation being multiplication].

Solution: The subset of matrices with determinant 1 (also known as SL2(Z)) is a normal subgroup
because it is the kernel of the determinant map. Show that the determinant map is a homomorphism.

Another example is the set of diagonal matrices of determinant 1, namely the two matrices with only
one or -1 in their diagonal. This also happens to be the center of this group. We showed in class that center
of matrix group is the set of scalar matrices – those that are identity matrix times a number. Since the
determinant is 1 or -1, and the determinant equals product of the diagonal numbers, you must have 1 or -1
times the identity matrix. For a scalar matrix both diagonal numbers are equal, so they have to be both 1
or both -1.

4. Describe all the automorphisms of any group of order 3.

Any group of order 3 is cyclic, and let g be a generator. Then the automorphism can be completely
described if we write down the image of g. If we map g to itself we get the identity automorphism. If we
map g to g2 then g2 goes to g4 = g and the identity, as with any homomorphism, goes to the identity. Check
that this is an automorphism. Thus we have only two automorphisms.

5. If N is a normal subgroup of a group G construct a homomorphism from G onto G/N with kernel N .
Thus every normal subgroup is a kernel of a homomorphism.

Solution: This is also done in the book, in chapter 2 section 6 on factor groups.

6. If f is an automorphism of a group G show that for any g ∈ G we have o(g) = o(f(g)).

Solution: If gk = e then f(gk) = e and vice versa because f is an automorphism and hence 1-1 etc., From
this the result follows.
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