
11/30/2015 Fall 2015, Calculus I Test III Review Sitaraman
Howard University Math Department

1. Show that the absolute maximum is 123 and absolute minimum is -37 for

f(x) = −2x3 + 3x2 + 12x− 5 in the interval −4 ≤ x ≤ 4. You must find all critical points.

Solution:

The critical points are found by looking at x where f ′(x) is zero or undefined.

We have f ′(x) = −6x2 + 6x+ 12. This is well defined everywhere.

Setting f ′(x) = 0 we get −6x2 + 6x + 12 = 0 =⇒ x2 − x − 2 = 0 =⇒ (x − 2)(x + 1) = 0. Thus we
get x = 2 and x = −1 as the critical points.

Comparing the values of f(x) at the critical points and the boundary points, we get

f(−4) = 123, f(−1) = −12, f(2) = 15, f(4) = −37. Thus absolute maximum is 123, attained at
x = −4.

Absolute minimum is -37, attained at x = 4.

Additional notes:

You can see that f ′(x) is negative and f(x) is decreasing between -4 and -1.

Similarly, between -1 and 2 it is decreasing and between 2 and 5 it is increasing.

So it has a local minimum at -1 and local maximum at 2.

Also, the second derivative −12x+ 6 is positive at -1 (minimum) and negative at 2 (maximum).

2. Using the mean value theorem show that the function f(x) = ex + x has at the most one zero, i.e, not
more than one value of x for which ex + x = 0.

Approximate the value of the zero of f(x) using linear approximation.

Solution: The derivative f ′(x) = ex + 1 is never zero, because ex > 0 for all x (graph of ex is always
above x−axis) and so f(x) > 1 always. Thus by mean value theorem, there can only be one zero.
Otherwise, function would have a turning point and the derivative would be zero at that point.

Note that f(−1) = e−1 − 1 = −0.632 and f(0) = e0 + 0 = 1.

So the function must cross x−axis (become zero) somewhere between 0 and -1.

The linear approximation for f at -1 is f(−1) + f ′(−1)dx.

We have f(−1) = −0.632 and f ′(−1) = e−1 + 1 = 1.368 and dx = x− x0 = x− (−1) = x+ 1.

So we get f(x) = −0.632 + (1.368)(x+ 1) = 1.368x+ 0.736 approximately

We want f(x) = 0. This gives 1.368x+ 0.736 = 0 =⇒ x = −0.736/1.368 = −0.538.

The actual value is close to -0.571 but the approximation can be made better by repeating this process.

3. Graph the function y = x+ sinx in 0 ≤ x ≤ 2π.

[Note: You only need to look in the interval [0, 2π]. Also, If there is only one critical point, first it has
to be either local maximum or minimum before you can call it absolute maximum or minimum. It
could be neither max nor min].

You must find the following:

a) All the local maxima and minima and inflexion points.

b) Where it is increasing, decreasing, concave up and concave down.

Solution:

We have y′ = 1 + cosx. This is defined in [0, 2π] but it is zero when x = π and cosx = −1. This is the
only critical point in this interval.
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y′′ = −sinx. This is zero at x = π, so the second derivative test doesn’t work.

For using first derivative test, we divide the interval into two parts.

In [0, π] we have 1 + cos(π/2) = 1 so function is increasing.

In [π, 2π] we have 1 + cos(3π/2) = 1 so function is increasing.

Since function is increasing both before and after π, it is neither maximum nor minimum.

So there is no local maximum or minimum.

To check for concavity we look at y′′ at various points.

y′′ = −sinx is negative from 0 to π and positive from π to 2π.

So function is concave down in [0, π] and concave up in [π, 2π].

Since concavity changes at π, it is an inflexion point.

Graph is given below:
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4. Show that Limx→∞
lnx

x
= 0 using L’Hospital’s rule. [This shows that lnx function is much smaller

than x as the value of x increases].

Solution:

First we check that L’Hospital’s rule applies. We have both lnx and x going to ∞ as x goes to ∞.
Also derivative of denominator is not zero near ∞. So it applies.

We get upon applying the rule, Limx→∞
lnx

x
=

(lnx)′

(x)′
= 1/x

As x→∞, 1/x→ 0. So the limit is 0.

5. The function sinxx can be made to be continuous at 0 in the interval [0,∞) by defining (sin0)0 =
Limx→0+sinx

x. What is this limit?

Solution: We use L’Hospital’s rule to find this limit. But first we need to convert it to the form 0/0 or
∞/∞.
We do this by taking lny where y = sinxx.

We get lny = xln(sinx) = ln(sinx)
1/x .
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This is of the form ∞/∞ as x→ 0+.

Using L’Hospital’s rule we get Limx→0+
ln(sinx)

1/x
= Limx→0+

(ln(sinx))′

(1/x)′
= Limx→0+

cosx/sinx

(−1/x2)

= Limx→0+
−xcosx
(sinx/x) = 0/1 = 0.

In the last step we used the fact that sinx/x→ 1 as x→ 0.

So lny → 0 and thus y → e0 = 1.

So the limit should be 1 in order to make the function continuous at 0.

6. The range of a cannon shell is given by R(θ) = 100sin(2θ) meters where θ is the angle with the ground
at which it is fired from the cannon. Find the angle for which the range is maximum. You must use
derivatives.

We are already given the function that is to be maximized.

Finding the critical points:

R′(θ) = 100cos(2θ)(2) = 200cos(2θ).

This is defined everwhere. It is zero when 200cos(2θ) = 0.

cos(2θ) = 0 =⇒ 2θ = π/2 =⇒ θ = π/4.

Checking for local max / min:

First try second derivative test.

R′′(θ) = 200(−sin(2θ)× 2) = −400sin(2θ).

At π/4, we have R′′(π/4) = −400(sin(2(π/4))) = −400.

This is negative, so the local maximum is at the angle of π/4 or 45 degrees with the ground.

Since this is the only critical point, it is also the absolute maximum.

[You can also find the absolute max by comparing the value at the critical point with the values at the
boundaries 0 and π/2. The angle has to be between 0 and π/2.]

7. The profit when q units are produced is P (q) = 50q − q2

2
+ 1250. When is P (q) maximum and what

is the maximum profit? You must use derivatives.

Solution: To find where it is maximum, we find the critical points.

P ′(q) = 50− q = 0 =⇒ 50 = q.

P ′′(q) = −1 at all points so q = 50 is a local maximum.

Since it is the sole critical point it is also the absolute maximum.

The maximum profit is P (50) = 50(50)− (502/2) + 1250 = 2500.

8. A box is to be made out of a 10 cm by 16 cm piece of cardboard. Squares of side length x cm will be
cut out of each corner, and then the ends and sides will be folded up to form a box with an open top.
Express the volume as V (x), a function of x. Find the length, width and height of the resulting box
that would maximize the volume. You must use derivatives.

Solution:

First we write the dimensions in terms of x.

length = 16− 2x, width = 10− 2x, height = x.

The volume is V (x) = (16− 2x)(10− 2x)x = 160x− 52x2 + 4x3.

First we find the critical points:

V ′(x) = 160−104x+12x2 = 0 =⇒ 3x2−26x+40 = 0. (We divided by 4 everywhere and rearranged).
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Solving for x, we get (3x− 20)(x− 2) = 0 =⇒ x = 20/3 = 6.67 or x = 2.

But x has to be smaller than 5 because width is 10 and you cannot cut more than 5 cms from either
side.

So x = 2 is the only critical point in the domain of interest.

Check the second derivative to test for local maximum or minimum:

V ′′(x) = −104 + 24x and V ′′(2) = −56.

So 2 is a relative maximum. Since it is the only critical point in the domain [0,5] it must be the absolute
maximum.

You can also compare with the values at the boundary:

V (0) = 0, V (5) = 0. So V (2) = 12× 6× 2 = 144.

The dimensions of the resulting box are length 12, width 6 and height 2 cms.

9. The graph of the function f(x) =
1√
2π
e−x

2/2 is the famous Bell curve that occurs in many practical

situations such as the study of distribution of height, weight, IQ, etc., in populations. Determine the
critical points, relative maxima/minima, inflection points, of this function and the points where it is
increasing, decreasing, concave up and concave down.

Solution: While finding derivative, note that
√

2π is a constant number. So when differentiating, we

can keep
1√
2π

outside. It doesn’t affect the derivative. Just differentiate e−x
2/2 and then multiply by

1√
2π
.

f ′(x) =
1√
2π
e−x

2/2(−x2/2)′ =
−x√
2π
e−x

2/2 using chain rule.

This is defined everywhere.

It is zero when x = 0. (the rest involves exponential function and is never zero)

So x = 0 is only critical point.

The exponential part is always positive. So we only need to look at the sign of −x.
When x > 0 the derivative is negative so function is always decreasing.

When x < 0 we have f ′(x) is always positive, so the function is increasing.

In fact, since 1 is only critical point, it is absolute maximum (we know it is maximum because it
increases, then decreases).

This can also be seen by the first derivative test, and noting that on both the negative and positive
sides of the x−axis, the function is tapering off. The graph is also asymptotic to the x-axis on both
ends because e−x

2/2 = 1/ex
2/2 → 0 as x→ ±∞).

To find where it is concave up and down:

First find inflection point, if any.

f ′′(x) = (f ′(x))′ =
1√
2π

(
−xe−x

2/2
)′

=
1√
2π

(
−1e−x

2/2 + (−x)(−x)e−x
2/2
)

using product rule.

So f ′′(x) =
x2 − 1√

2π

(
e−x

2/2
)

upon simplification.
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Again, the exponential part is never zero. So f ′′(x) = 0 only when x2 − 1 = 0.

Thus 1 and -1 are the inflection points.

To the left of -1, f ′′(−2) > 0. To the right of -1, f ′′(0) < 0.

So the graph goes from concave up before -1 to concave down after -1.

So -1 is an inflexion point.

Similarly we can show that +1 is also an inflection point.

The function is concave up before -1 and after +1, and concave down between them.

This is typical of the bell shaped curves – most of the population is average, with very high or very
low scores at small percentage of the population. For example, most people are of average height, with
a small percentage above and below average.

10. Find the limit using L’Hospital’s rule: (a) lim
t→0

sin t2

t
(b) lim

x→∞

lnx

x2

Solution:

a) sin t2 and t both go to 0 as t→ 0. Moreover, derivative of denominator function is not zero as t→ 0.
So L’Hospital’s rule applies.

We get lim
t→0

sin t2

t
= lim

t→0

(sin t2)′

(t)′
= lim

t→0
2t cos t2 = 0

The last limit is 0 because cos 0 = 1 and so 2t cos t2 → 0 as t→ 0.

(Because it is a continuous function we can just plug in t = 0.)

Also, for differnetiating sin t2 we used chain rule.

b) Both lnx and x2 go to ∞ as x→∞.
Moreover, derivative of denominator, namely (x2)′ = 2x is not zero as x→∞.
So we can apply L’Hostpital’s rule.

We get lim
x→∞

lnx

x2
= lim

x→∞

(lnx)′

(x2)′
= lim

x→∞

1/x

2x
= lim

x→∞

1

2x2
= 0.

11. Find the limit using L’Hospital’s rule: lim
x→∞

x2

ex

[Might need to apply the rule twice].

Solution:

Both ex and x2 go to ∞ as x→∞.
Both are differentiable everywhere.

Moreover, derivative of denominator, namely (ex)′ = ex is not zero as x→∞.
In fact, the second derivative of the denominator is also ex so we can apply L’Hospital’s rule twice.

We get: lim
x→∞

x2

ex
= lim

x→∞

(x2)′

(ex)′
= lim

x→∞

2x

ex

(Applying the rule again) = lim
x→∞

(2x)′

(ex)′
= lim

x→∞

2

ex
= 0.
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12. The monthly sales at a store are 10,000 dollars when it opened and declining at a rate S′(t) = −10t2/5

dollars per month.

a) Find the formula for S(t) after t months by integrating S′(t).

b) Find S(2).

Solution:

We have dS/dt = −10t2/5 with S(0) = 10000.

Solving this differential equation, we get S(t) =

∫
−10t2/5dt = −10

t(2/5)+1

(2/5) + 1
= −(50/7)t7/5 + C.

Setting S(0) = 10000, we get C = 10000.

So S(t) = 10000− (50/7)t7/5.

S(2) = 10000− (50/7)(27/5) = 9981.15 dollars.

ALTERNATE FORMULATION USING DEFINITE INTEGRAL:

You can also say that

S(t) =

∫ t

0

S′(x) dx + S(0).

This comes from the fundamental theorem of calculus:∫ t

0

S′(x) dx = S(t)− S(0).

Taking S(0) to other side, you get the desired result.

Using this formulation, we get

S(t) =

∫ t

0

−10x2/5 dx + S(0) =
[
−(50/7)x7/5

]t
0

+ 10000 = 10000− (50/7)t7/5 as before.

13. Approximate the area under f(x) =
√
x from x = 1 to x = 3 by using a Riemann sum on the left

endpoints with 5 intervals of equal width. Compare it with actual value found using fundamental
theorem of calculus (i.e, using antiderivative).

Solution:

The desired area is given by

∫ 3

1

√
x dx

For the Riemann sum n = 5 and ∆x = (3− 1)/5 = 0.4.

The integral is approximated by

4∑
k=0

√
1 + k(0.4)(0.4) = (0.4)(

√
1 +
√

1.4 +
√

1.8 +
√

2.2 +
√

2.6) = 2.648.

Actual value is

∫ 3

1

x1/2dx =

[
x3/2

3/2

]3
1

= (2/3)(33/2 − 13/2) = 2.797

14. Find the area under y =
1

x
from x = 1 to x = 4.

Solution: The area is given by:∫ 4

1

dx

x
= [lnx]

4
1 = ln4− ln1 = ln4 = 1.386.
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15. Solve for y using integration by substitution: y =

∫
3t
√
t2 + 8 dt.

Solution:

Let u = t2 + 8. Then du = 2tdt =⇒ tdt = du/2.

Now we get the integral in terms of u by plugging in u = t2 + 8 and tdt = du/2.

We get y =

∫
3
√
u(du/2) =

3

2

∫ √
udu =

3

2

∫
u1/2du = (3/2)

u(1/2)+1

(1/2) + 1
+ C = u3/2 + C.

Putting u = t2 + 8 back into the equation, we get y = (t2 + 8)3/2 + C.

16. Show using derivatives that for any positive real number x, the sum x+
1

x
is always bigger than 2. For

instance, 2 + (1/2) = 2.5, 4 + 1/4 = 4.25, (0.5) + (1/0.5) = 2.5, and so on.

Solution:

We minimize the function f(x) = x+ 1/x.

First we find the critical points using the derivative. f ′(x) = (x)′ + (x−1)′ = 1− x−2 = 1− (1/x2).

When f ′(x) = 0 we have 1 = 1/x2 =⇒ x = +1

(We only take posiitve square root because we only want positive numbers).

Also, f ′(x) is undefined only at 0 and 0 is not in the domain of positive numbers.

So 1 is the only critical point in the domain of positive real numbers.

Now we do the second derivative test.

f ′′(x) = (1− 1

x2
)′ = (1− (x−2)′ = 2x−3.

This is positive for all posiitve x. So x = 1 is a minimum.

Since it is the only critical point, it must be the absolute minimum.

At x = 1, we have f(x) = x + (1/x) = 1 + (1/1) = 2. So 2 is the absolute minimum, and x + 1/x is
bigger than 2 for all other values.

You can also check this by seeing that f(x)→∞ as x→ 0 AND x→∞.
The derivative is negative for x < 1 and positive when x > 1.

This tells us that the function decreases from positive infinity near x = 0 all the way down to 2 at
x = 1 and then increases to infinity.

So graph will be shaped like a V, with the bottom at x = 1.

17. Integrate using substitution: ∫
x2ex

3

dx.

Solution: Let u = x3. Then du = 3x2dx =⇒ x2dx = du
3 .

Plugging these into the integral, we convert it to an integral with respect to u.

∫
x2ex

3

dx =

∫
eu
du

3
=

1

3

∫
eudu =

1

3
eu + C =

ex
3

3
+ C.

18. Find the derivative of the functions defined by

(a) f(x) =
∫ x

0
et

2

dt. (b) f(x) =
∫ 1

x
sin(t+ 1) dt.

Solution:
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(a) Using fundamental theorem of calculus, the derivative is given by f ′(x) = ex
2

.

(b) First write the integeral as f(x) = −
∫ x

1
sin(t + 1) dt. Now using fundamental theorem we get

f ′(x) = −sin(x+ 1).
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