
11/25/2015 Fall 2015, Calculus I Quiz 8 Sitaraman
Howard University Math Department

Instructions:
PLEASE PROVIDE STEP BY STEP EXPLANATIONS
WRITING ONLY ANSWERS WILL NOT GET FULL CREDIT
Time Limit 30 minutes
Please read the questions carefully before answering
Each problem 10 points. Challenge problem is extra credit.
Any points you get in excess of 40 is extra credit.

1. (20 points) A closed cylindrical can is to hold 1000 cubic cms of water. Find the radius
and height for which the material used to make the can is minimum. You may use the
following formulae: Surface area of cylinder: S = 2πr2 + 2πrh. Volume V = πr2h. You
must use derivatives.

The first thing to do in this problem is to figure out what it is that we are minimizing.
Usually it is obvious from the question itself. Here it says the material to be used must
be minimized. In practice it means that we want the surface area to be a minimum
because the can has uniform thickness and the less surface area there is the less materail
that is used. So we need to minimize S.

The next thing to do is to write S in terms of one vsriable. Here you could do that
either with r or h but the one that works better is r because if you use h then you will
have to deal with square-root function and then the derivative gets a bit more messy.

Volume is 1000 cc means 1000 = πr2h. Solving for h we get h = 1000/(πr2).

Plugging this into the formula for S we can write S as a function of r :

S(r) = 2πr2 + 2πr(
1000

πr2
) = 2πr2 +

2000

r
.

Next we need to find the critical points. We set S ′(r) = 0 and solve for r :

S ′(r) = 2π(2r)− 2000

r2
= 0 =⇒ 4πr =

2000

r2

=⇒ r3 =
2000

4π
=

1000

2π
=⇒ r =

3

√
1000

2π
=

10
3
√

2π
= 5.42.

Note that r3 =
1000

2π
=⇒ 2r =

1000

πr2
= h. In fact in general h = 2r when the area of

a cylinder of this type is minimum.

To show that r = 5.42 cms is a minimum look at S ′′(r) = 4π− (−2)
1000

r3
= 4π+

2000

r3
.
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This is clearly positive when r = 5.42, so the surface area is a minimum at this value.
To get the value of h you can just plug in the value of r into the equation for h or, as
mentioned before, just note that h = 2r = 2(5.42) = 10.84 cms.

The boundary points are r = 0 and r = 1000 and clearly neither of those values will
produce a can with nonzero volume.

2. (10 points) The profit when x units of penicillin are produced is P (x) = 120x −
0.003x2 − 500, 000. When is P (x) maximum and what is the maximum profit? You
must use derivatives.

Solution: To find critical point set P ′(x) = 0 and solve for x. We get P ′(x) = 120 −
0.003(2x) = 120− 0.006x = 0 =⇒ x = 120/0.006 = 20, 000 units.

To see that this is a maximum look at P ′′(x) = −0.006. This is negative everywhere.
So 20,000 is a local maximum. The profit is given by P (20000) = 700, 000.

The boundary points are 0 and 40,000 because after 40,000 the values of profit will be
negative and so irrelevant. (The graph will be a parabola with zeroes (x-intercepts) at
0 and 40,000). At 0 and 40,000 the profit is zero so 20,000 is the value where profit is
maximum.

3. (10 points) Show that lim
x→0

1− cosx

x
= 0 using L’Hospital’s rule.

First show that the rule is applicable here.

Solution:

First we check that L’Hospital’s rule applies. We have both 1 − cosx and x going to
0 as x goes to 0. Also both are differentiable around 0 and derivative of denominator
is not zero near 0. So it applies.

We get upon applying the rule, lim
x→0

1− cosx

x
= lim

x→0

(1− cosx)′

(x)′
= (sinx)/1 = sinx

As x→ 0, sinx→ 0. So the limit is 0.
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