
11/14/2012 Fall 2012, Calculus I Quiz 8 Sitaraman
Howard University Math Department

Instructions:
PLEASE PROVIDE STEP BY STEP EXPLANATIONS
WRITING ONLY ANSWERS WILL NOT GET FULL CREDIT
Time Limit 30 minutes
Please read the questions carefully before answering
Each problem 10 points. Challenge problem is extra credit.
Any points you get in excess of 40 is extra credit.

1. (20 points) The range of a cannon shell is given by R(θ) = 100sin(2θ) where θ is the
angle with the ground at which it is fired from the cannon. Find the angle for which
the range is maximum. You must use derivatives.

We are already given the function that is to be maximized.

Finding the critical points:

R′(θ) = 100cos(2θ)(2) = 200cos(2θ).

This is defined everwhere. It is zero when 200cos(2θ) = 0.

cos(2θ) = 0 =⇒ 2θ = π/2 =⇒ θ = π/4.

Checking for local max / min:

First try second derivative test.

R′′(θ) = 200(−sin(2θ)× 2) = −400sin(2θ).

At π/4, we have R′′(π/4) = −400(sin(2(π/4))) = −400.

This is negative, so the local maximum is at the angle of π/4 or 45 degrees with the
ground.

Since this is the only critical point, it is also the absolute maximum.

[You can also find the absolute max by comparing the value at the critical point with
the values at the boundaries 0 and π/2. The angle has to be between 0 and π/2.]

2. (20 points) The profit when q units are produced is P (q) = 50q − q2

2
+ 1250. When is

P (q) maximum and what is the maximum profit? You must use derivatives.

Solution: To find where it is maximum, we find the critical points.

P ′(q) = 50− q = 0 =⇒ 50 = q.

P ′′(q) = −1 at all points so q = 50 is a local maximum.

Since it is the sole critical point it is also the absolute maximum.

The maximum profit is P (50) = 50(50)− (502/2) + 1250 = 2500.
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3. (Challenge 20 points) A box is to be made out of a 10 cm by 16 cm piece of cardboard.
Squares of side length x cm will be cut out of each corner, and then the ends and
sides will be folded up to form a box with an open top. Express the volume as V (x),
a function of x. Find the length, width and height of the resulting box that would
maximize the volume. You must use derivatives.

Solution:

First we write the dimensions in terms of x.

length = 16− 2x, width = 10− 2x, height = x.

The volume is V (x) = (16− 2x)(10− 2x)x = 160x− 52x2 + 4x3.

First we find the critical points:

V ′(x) = 160− 104x+ 12x2 = 0 =⇒ 3x2− 26x+ 40 = 0. (We divided by 4 everywhere
and rearranged).

Solving for x, we get (3x− 20)(x− 2) = 0 =⇒ x = 20/3 = 6.67 or x = 2.

But x has to be smaller than 5 because width is 10 and you cannot cut more than 5
cms from either side.

So x = 2 is the only critical point in the domain of interest.

Check the second derivative to test for local maximum or minimum:

V ′′(x) = −104 + 24x and V ′′(2) = −56.

So 2 is a relative maximum. Since it is the only critical point in the domain [0,5] it
must be the absolute maximum.

You can also compare with the values at the boundary:

V (0) = 0, V (5) = 0. So V (2) = 12× 6× 2 = 144.

The dimensions of the resulting box are length 12, width 6 and height 2 cms.
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